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Simplicial complexes Alexander dual to boundaries of polytopes
Anton Ayzenberg
Abstract. In the paper we treat Gale diagrams in a combinatorial way. The interpre-
tation allows to describe simplicial complexes which are Alexander dual to boundaries of
simplicial polytopes and, more generally, to nerve-complexes of general polytopes. This
technique and recent results of N.Yu.Erokhovets are combined to prove the following:
Buchstaber invariant s(P ) of a convex polytope equals 1 if and only if P is a pyramid. In
general, we describe a procedure to construct polytopes with sR(P ) > k. The construc-
tion has purely combinatorial consequences. We also apply Gale duality to the study of
bigraded Betti numbers and f -vectors of polytopes.
1. Introduction
Gale duality is a classical notion in convex geometry. Since its appearance in [18] it
allowed to prove many strong and nontrivial results for convex polytopes and configurations
of points on a sphere (the survey of this field can be found in [19]). In this paper we describe a
surprisingly simple connection between Gale diagrams and combinatorial Alexander duality.
For any set of points on a sphere Sr we associate a covering of Sr by hemispheres. From
the theory of Gale duality follows that the nerves of such coverings are exactly those com-
plexes, which are Alexander dual to boundaries of simplicial polytopes, or, more generally,
to nerve-complexes of polytopes (see claim 4.1 for the precise statement). On one hand, this
gives a combinatorial characterization of complexes dual to boundaries of simplicial poly-
topes. On the other hand, geometrical considerations, involving coverings by hemispheres
allowed to prove particular statements about convex polytopes.
In section 2 we review and define basic constructions, used in the work. These include
Alexander duality for simplicial complexes; nerve-complexes of nonsimplicial polytopes and
the construction of a constellation complex for a configuration of points on a sphere. In sec-
tion 3 are listed the most important topological and combinatorial properties of constellation
complexes. In section 4 the Gale duality is applied to show that constellation complexes are
Alexander dual to nerve-complexes of polytopes. Alexander duality allows to simplify and
treat topologically many well known results.
In section 5 we provide basic definitions from commutative algebra. Arguments, similar
to those used by Eagon and Reiner in [10] are applied to constellation complexes. We use
Hochster formula to show that the Stanley–Reisner ideal of a constellation complex ∆(X)
has a linear resolution. This means that all generators of modules in the minimal resolution
are concentrated in prescribed degrees. Alexander duality leads to the following result: if X
is a Gale diagram of a simplicial polytope P , then bigraded Betti numbers of the constellation
complex ∆(X) coincide with the f -vector of P (proposition 5.2). This correspondence can
be naturally generalized to polytopes which are not simplicial (proposition 5.3). On the
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2 ANTON AYZENBERG
other hand, one can calculate bigraded Betti numbers of a polytope P by studying the
combinatorial topology of ∆(X).
Originally, this research was motivated by the study of Buchstaber invariant (definition
6.2). This invariant of simplicial complexes and polytopes appeared naturally in toric topol-
ogy, and in 2002 V.M.Buchstaber posed a problem: to describe this number combinatorially.
Since then several approaches to this problem had been developed. I.Izmestiev [21, 22]
found a connection between Buchstaber invariants and a chromatic number. This connection
was further developed in work [1]. In the paper [16] real Buchstaber invariant of skeleta
of simplices was determined by integer linear programming. N.Yu.Erokhovets in his thesis
[13], and other works [11, 12, 14, 15] built the theory of Buchstaber invariants, constructed
many examples and estimations, and found equivalent definitions for these numbers. We
refer the reader to his surveys [12] or [15] to find out more about particular results and
open problems in this field.
Recent result [14] and Gale duality allowed to prove the following conjecture, made
in [4]. If P is a polytope, then s(P ) = 1 if and only if P is a pyramid (theorem 6.5).
Result of [14] can also be applied to construct polytopes with sR(P ) > k from their Gale
diagrams. This consideration had led to interesting combinatorial consequences (theorem
6.16 and statement 6.16).
We hope that Gale diagrams will allow to answer the question posed by Nickolai
Erokhovets in [15]: whether Buchstaber invariant is determined by bigraded Betti num-
bers of a simplicial complex? Probably, Gale diagrams will lead to the solutions of other
open problems concerning Buchstaber invariants of polytopes.
The author is grateful to professor V.M.Buchstaber for his suggestion to consider the
invariant s on the class of nonsimple polytopes and for his interest to this work. Also I
wish to thank the participants of the student geometry and topology seminar in Moscow
State University. A few talks made at this seminar turned out to be very useful for the
understanding of topics mentioned in this paper.
2. Simplicial complexes from polytopes and spherical configurations
2.1. Simplicial complexes. Let K be a simplicial complex on a set of vertices [m] =
{1, . . . ,m}. In the following the complex and its geometrical realization are denoted by the
same letter for the sake of simplicity. By ∆[m] or ∆m−1 we denote the simplex on a set [m].
Suppose, K 6= ∆[m]. In this case the dual complex K̂ (or K∧) is a complex on a set [m]
defined by
K̂ = {I ∈ [m] | [m] \ I /∈ K}.
Obviously, double dual K∧∧ coincides with K. In the literature (e.g. [7]) this duality is also
called combinatorial Alexander duality, since both K and K̂ can be embedded in barycentric
subdivision (∂∆[m])′ ∼= Sm−2 as Alexander dual subcomplexes (see [8, sec. 2.4]). As a
consequence,
(2.1) H˜i(K;k) ∼= H˜m−3−i(K̂;k),
where k is a field or Z.
For a simplicial complex K on a set [m] the following notions and notation will be used
in the paper:
• If J ⊆ [m], then KJ is a full subcomplex on a set J . Its simplices are those simplices
of K which are subsets of J .
• If I ∈ K is a simplex, then its link is a complex on a set [m] \ I defined by
linkK I = {J ⊆ [m] \ I | I unionsq J ∈ K}.
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• If i ∈ [m], but {i} /∈ K, then i is called the ghost vertex of K. Ghost vertices do not
affect the geometry of simplicial complex but they make combinatorial reasoning
simpler. In particular, by definition, links usually have many ghost vertices.
• A set I ⊆ [m] is called a minimal nonsimplex (it is also called a missing face in
the literature) if I /∈ K, but any proper subset of I is a simplex. The set of all
minimal nonsimplices of K will be denoted by N(K).
• K(l) denotes l-dimensional skeleton of K.
• H˜(∅;k) ∼= k, where ∅ is a complex, which do not have nonempty simplices.
One can show that
(2.2) (linkK I)∧ = K̂[m]\I and (KJ)∧ = linkK̂([m] \ J),
when I ∈ K and J /∈ K. Note, that these conditions imply [m] \ I /∈ K̂ and [m] \ J ∈ K̂,
which makes all objects well-defined.
2.2. Polytopes and nerve-complexes. Now consider a convex polytope P ⊂ Rd,
given as a convex hull of its vertices P = conv{y1, . . . , ym}. Suppose dimP = d. For such
a polytope construct an abstract simplicial complex K(P ) on a set [m]. Its simplices are
those subsets I = {i1, . . . , ik} ⊆ [m] for which corresponding vertices yi1 , . . . , yik belong to
a common facet of P .
Obviously, if P is simplicial, then K(P ) coincides with the boundary ∂P . In general,
when P is not simplicial, K(P ) has more complicated structure — it is not a simplicial
sphere and it can be non-pure (see fig. 1). Such complexes were called nerve-complexes and
their properties were described in [3].
Example 2.1. Let P be a triangular prism. The complex K(P ) and its maximal simplices
are illustrated in fig. 1
{2,4,6}
{1,3,5}
{1,2,4,5}
{2,3,5,6}
{1,3,4,6}
1
2
3
4
6
5
6
3
4
P Maximal simplices of K(P) =
= facets of P:
K(P)
1
5
2
Figure 1. Complex K(P ) for a triangular prism.
Another way to define nerve-complexes (which explains their name) is the following.
Consider a polytope Q with facets F1, . . . ,Fm. Define a simplicial complex KQ on a set [m]
as a nerve of the cover ∂Q =
⋃Fi. In other words, {i1, . . . , ik} ∈ KQ iff facets Fi1 , . . . ,Fik
intersect. Then, K(P ∗) = KP , where P ∗ is a polar dual polytope to P . In [3] we used KQ-
construction rather than K(P )-construction for toric topology reasons, but the outcome of
these constructions is the same. In particular, it is proved that K(P ) defines the face lattice
of a polytope P uniquely. So far there is no loss of combinatorial information when K(P )
is considered instead P .
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2.3. Sphere diagrams and constellation complexes. Let Sr be a unit sphere in
euclidian space: Sr = {x ∈ Rr+1 | |x| = 1}. The notation S is reserved for geometrical
object; the letter S is used for sphere as a topological space or a homotopy type.
For a point x ∈ Sr unionsq {0} define a subset H(x) = {y ∈ Sr | 〈x, y〉 > 0}. If x = 0, then
H(x) is empty. If x ∈ Sr, the set H(x) is the open hemisphere, corresponding to x.
Let X = {x1, . . . , xm} be a collection of points, xi ∈ Sr unionsq {0} (repetitions are allowed,
so X is a multiset). Such configurations also appear as spherical codes in the literature
in connection with geometrical optimization problems (e.g. [9]). Consider the covering⋃
iH(xi).
Definition 2.2 (Constellation complex). The nerve ∆(X) of this covering will be called
the constellation complex of a configuration X. It means that ∆(X) is a simplicial complex
on a set [m], and {i1, . . . , ik} ∈ ∆(X) iff H(xi1) ∩ . . . ∩H(xik) 6= ∅.
Remark 2.3. The condition H(xi1) ∩ . . . ∩ H(xik) 6= ∅ means that there exist y ∈ Sr
such that 〈y, xit〉 > 0. So far this is equivalent to xi1 , . . . , xik ∈ H(y). Therefore, the set
of indices {i1, . . . , ik} forms a simplex iff corresponding points xi1 , . . . , xik lie in a common
open hemisphere. This explains the terminology: it seems reasonable to call a set of stars
on a celestial sphere a constellation if they can be observed from some point on earth at the
same time. Similar considerations and comparison also appeared in [23].
Remark 2.4. If xi = 0, the vertex i is the ghost vertex of ∆(X).
Example 2.5. A few examples of constellation complexes for points on S2 are represented
in fig.2. In the last image we took 4 points, which contain 0 in their convex hull. In this
case any three hemispheres intersect, but not four: ∆(X) = ∂∆3.
X
Δ(X)
∂
Figure 2. Examples of simplest constellation complexes.
In the following we suppose that
⋃
iH(xi) = Sr, so every point on a sphere is covered
by some hemisphere. In this case ∆(X) is homotopy equivalent to Sr, since the nonempty
intersections in the covering are contractible (they are given as intersections of open cones
with a sphere). In particular, this implies 〈X〉 = Rr+1.
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For a subset of labels I = {i1, . . . , ik} we denote the (multi)set of points {xi1 , . . . , xik}
by X(I).
Claim 2.6. Let X ⊂ Sr unionsq {0}. Subset I is a nonsimplex of ∆(X) if and only if the
points X(I) contain 0 in their convex hull. The cardinality of any minimal nonsimplex does
not exceed r + 2.
The first statement follows from standard separation arguments in convex geometry.
The second one is Caratheodory’s theorem (see, e.g. [19, Sec.2.3]).
Example 2.7. Let X5 be a configuration of 5 points on a circle S1 placed in vertices of
a regular pentagon (fig. 3). The colored arcs on the left image show the open hemispheres
corresponding to points. In this example ∆(X5) is a Mo¨bius band — any 3 consecutive
points form a simplex. Claim 2.6 is illustrated by the list of minimal nonsimplices of ∆(X5).
X Δ(X  ) N(Δ(X  ))
1
2
3
4
5 1
2
3
4
5
{1,5,3}
{5,4,2}
{4,3,1}
{3,2,5}
{2,1,4}
5 5 5
Figure 3. Complex ∆(X5) for 5 points on a circle.
Example 2.8. Similarly, for 6 points on S1 placed in vertices of a regular hexagon we have
fig. 4.
{2,6,4}
{1,3,5}
{3,6}
{1,4}
{2,5}
X Δ(X  ) N(Δ(X  ))
1
2
3
4
5
6
1
2
3
4
5
6
6 6 6
Figure 4. Complex ∆(X6) for 6 points on a circle.
The configuration X is called nondegenerate if for each J such that 0 ∈ convX(J)
there holds dim〈X(J)〉 = dim〈X〉 = r + 1. Equivalently, X is nondegenerate if all minimal
nonsimplices of ∆(X) have cardinality exactly r + 2.
The configuration X5 on fig.3 is nondegenerate. Configuration X6 (fig. 4) is degenerate.
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3. Properties of constellation complexes
Let K be a complex on a set V and L ⊂ K — its subcomplex. Consider a new simplicial
complex K ∪L coneL on a set V unionsq {w} — the result of attaching a cone with apex w to
K along L. The operation K 7→ K ∪L coneL will be called a construction step in the case
when L is a contractible space.
Any complex K can be decomposed as K[m]\w ∪linkw cone linkw for any vertex w. The
possibility to make K from K[m]\w by construction step means that linkw is contractible.
Proposition 3.1. Let X ⊂ Sr be a nondegenerate configuration, such that ⋃x∈X H(x) =
Sr, and ∆(X) — its constellation complex. Then
(1) For each subset I ⊆ [m] the full subcomplex ∆(X)I is either a simplex or homotopy
equivalent to a sphere Sr. If ∆(X)I is homotopy equivalent to a sphere, then so is
∆(X)J for J ⊃ I.
(2) ∆(X) can be obtained from ∂∆r+1 by a sequence of construction steps.
Proof. Note that a full subcomplex ∆(X)I coincides with ∆(X(I)) — the constella-
tion complex of the smaller set. To prove (1) consider two possibilities: 0 ∈ convX(I) or
0 /∈ convX(I). In the first case we actually have 0 ∈ relint convX(I) because of nondegen-
eracy condition. Therefore, open hemispheres of X(I) cover Sr and ∆(X(I)) is homotopy
equivalent to Sr by the nerve theorem. In the second case, when 0 /∈ convX(I), the set
X(I) is covered by an open hemisphere, therefore I ∈ ∆(X), so ∆(X)I = ∆I .
To prove (2) we proceed as follows. At first, find J ⊆ [m], such that 0 ∈ convX(J)
and |J | = r + 2. It exists by Caratheodory theorem and gives a minimal nonsimplex
J ∈ N(∆(X)). Therefore, ∆(X(J)) = ∂∆r+1.
Now let I ⊇ J . The complex ∆(X(I unionsq {w})) is obtained from ∆(X(I)) by attaching a
cone along link∆(X(Iunionsq{w})) w. This link is given by all {i1, . . . , ik} ⊆ I such that H(xw) ∩
H(xi1) ∩ . . . ∩ H(xik) 6= ∅. This means link∆(X(Iunionsq{w})) w coincides with the nerve of the
covering of H(xw) by hemispheres corresponding to X(J). This nerve is contractible, since
H(xw) is contractible. Therefore, ∆(X(I unionsq{w})) is obtained from ∆(X(I)) by construction
step. Applying this operation several times allows to build ∆(X) from ∆(X)J = ∂∆r+1 by
a sequence of construction steps. 
Remark 3.2. The proof shows that there is, actually, a variety of ways to build ∆(X)
from ∂∆r+1. Once the initial nonsimplex J is installed other vertices can be added in any
order.
Remark 3.3. The last part of the proof works well in a more general situation. Consider
a covering M of a sphere Sr by “hats” of the form H(x, α) = {y ∈ Sr | 〈x, y〉 > α} for real
α between 0 and 1. If some smaller set N ⊂M of hats also covers Sr, then the nerve of M
is built from the nerve of N by a sequence of construction steps. An interesting question is
how complicated could be the starting nerve N , say, for fixed α.
Remark 3.4. Things become more complicated for degenerate configurations. For ex-
ample, consider a configuration X ⊂ S2 from fig.5. Points 1, 2 are north and south pole
respectively. Points 3, 4, 5 lie on equatorial circle and 0 ∈ relint conv{3, 4, 5}. In this case
H(3)∪H(4)∪H(5) = S2 \ {1, 2}. Therefore, ∆(X){3,4,5} ' S1  S2. So in degenerate case
may appear subcomplexes which are not homotopy equivalent to Sr.
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1
2
3 4
5
Figure 5. Degenerate configuration of 5 points on S2
4. Gale duality described combinatorially
Two objects, defined in section 2 — nerve-complexes and constellation complexes are
strongly related. Roughly speaking, they are Alexander dual to each other.
Let X = {x1, . . . , xm} be such a configuration of points on Sr that any point x ∈ Sr lies
in at least two open hemispheres H(xi). So the covering
⋃
iH(xi) wraps the sphere at least
twice. In this case configuration X will be called good.
Claim 4.1.
(1) A complex K on m vertices is isomorphic to K(P ) for d-dimensional polytope
P if and only if its Alexander dual K̂ is a constellation complex ∆(X) for a good
configuration X ⊂ Sm−2−dunionsq{0}. Such X can be constructed as affine Gale diagram
G(P ) of a polytope P .
(2) A complex K on m vertices is a boundary of a simplicial d-dimensional polytope
if and only if its Alexander dual K̂ is a constellation complex ∆(X) for a good
nondegenerate configuration X on a sphere Sm−d−2.
Proof. This follows directly from the properties of affine Gale diagrams. If Y =
{y1, . . . , ym} ∈ Rd — the set of points, then one can construct its Gale diagram, which is
a configuration of points: G(Y ) = X = {x1, . . . , xm} ⊂ Sm−2−d unionsq {0}. We refer to [19,
Sec.5.4] for the definition of this construction and its properties.
Let P be a polytope with the set of vertices Y = {y1, . . . , ym} ⊂ Rd, so P = conv Y and
suppose dimP = d. We assert that K(P )∧ = ∆(G(Y )). Indeed, let I ∈ K(P )∧. Equiv.,
[m] \ I /∈ K(P ). Equiv., Y ([m] \ I) is not a subset of a proper face in P . Equiv., I does not
contain a coface of P (coface = complement to the set of vertices of a face). Equiv., by Gale
duality, I does not contain a subset J such that 0 ∈ relint convX(J). Equiv., 0 /∈ convX(I).
Equiv., I ∈ ∆(X).
The fact that resulting configuration X should be good and the second statement of the
claim follow from the properties of Gale diagrams, listed in [19]. 
Example 4.2. By comparing figures 1 and 4 one can see that K(P ) from the first picture
is Alexander dual to ∆(X6) from the second. Indeed, maximal simplices of a complex are
the complements to minimal nonsimplices of its dual. Equivalent way of saying this: X6 is
a combinatorial Gale diagram for a triangular prism.
Example 4.3. The Mo¨bius band ∆(X5) from fig.3 is Alexander dual to the boundary of
a pentagon. Configuration X5 is a Gale diagram of a pentagon.
The following proposition is well known in the theory of Gale duality. As before, Y =
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{y1, . . . , ym} — the set of vertices of P = conv Y and X = {x1, . . . , xm} ⊂ Sm−d−2 unionsq {0} is
a Gale diagram of Y denoted by G(Y ) or G(P ) for short.
Proposition 4.4.
(1) If P = 4m−1, then G(P ) = {0, . . . , 0} ⊂ R0.
(2) P is a pyramid with apex yi if and only if xi = 0.
(3) More generally, P decomposes as a join P1 ∗ P2, if and only if G(P ) decomposes
as direct sum of G(P1) and G(P2).
Example 4.5. The Gale diagram of a square is the multiset {−1,−1, 1, 1} ⊂ S0. The Gale
diagram of a pyramid over a square is {−1,−1, 1, 1, 0} ⊂ S0 unionsq {0}.
The following proposition is also well known (original paper of Gale [18] or [23, Cor.5]). We
provide a simple reformulation in terms of Alexander duality. Recall, that a polytope P is
called k-neighborly if any k of its vertices belong to a common proper face of P .
Proposition 4.6. Let P be a polytope with m vertices and X — its Gale diagram. Then
P is k-neighborly if and only if dim ∆(X) 6 m− k − 2.
Proof. The condition for P to be k-neighborly is equivalent to ∆(k−1)[m] ⊆ K(P ). Ap-
plying Alexander duality to this inclusion gives K(P )∧ ⊆
(
∆
(k−1)
[m]
)∧
which can be rewritten
as ∆(X) ⊆ ∆(m−k−2)[m] . The last statement is equivalent to dim ∆(X) 6 m− k − 2. 
Remark 4.7. Here we do not assume P is simplicial. The statement holds in general.
Remark 4.8. Configurations X of points on a sphere, for which dim ∆(X) 6 m − k − 2
were called positive (k + 1)-spanning sets in [23]. The notion reflects the fact that after
deleting any subset Y ⊂ X with |Y | = k the remaining set X \ Y contains 0 in the interior
of convex hull. This means vectors X \ Y span Rr+1 with positive coefficients.
Recall that a simplicial polytope P is called flag if any set of pairwise connected vertices is
a face. In other words, P is flag if |J | = 2 for any minimal nonsimplex J ∈ N(∂P ).
Lemma 4.9. If X is the Gale diagram of a simplicial polytope P with m vertices, then
P is flag if and only if |I| = m− 2 for any maximal simplex I ∈ ∆(X).
This follows from the fact that any maximal simplex of ∆(X) = (∂P )∧ is the complement
to a minimal nonsimplex of ∂P .
Proposition 4.10. Suppose X ⊂ Sr is a nondegenerate good configuration of points
and m = |X| > 2(r + 2). Then there is a maximal simplex of ∆(X) which has less than
m− 2 points.
Proof. Suppose the contrary. Then by lemma 4.9 X is a Gale diagram for a flag
simplicial polytope P with m vertices and dimP = m−r−2 > m2 . It is known that any flag
polytope P has at least 2 dimP vertices (see e.g. [17, lemma 2.1.14]) — the contradiction. 
Another important example of using Gale diagrams is the iterated simplicial wedge
construction.
SIMPLICIAL COMPLEXES ALEXANDER DUAL TO BOUNDARIES OF POLYTOPES 9
Example 4.11. In the work [5] an iterated wedge operation was defined. If P is a simple
d-polytope with m facets, then a new polytope P (j1, . . . , jm) is defined, which has
∑
i ji
facets and dimension n−m+∑i ji. The corresponding operation for simplicial complexes
∂P ∗ 7→ ∂P ∗(j1, . . . , jm) can be described combinatorially in several different ways (see
[5, 2]). The Gale diagram G(P ∗(j1, . . . , jm)) can be constructed from G(P ∗) by assigning
multiplicities ji to points xi ∈ G(P ∗).
K(2,1,1,1,1)
1
2
3
4
5
1
2
3
4 5
1'
2
3
4
5
1''
2
3
4
5
1'
1''
K
Figure 6. Simplicial wedge construction and its effect on Gale diagram.
Example 4.12. Fig.6 shows how Gale diagram changes when a simplicial wedge construc-
tion is applied to the boundary of a simplicial polytope. When vertex 1 is “wedged” the
corresponding vertex in Gale diagram doubles.
5. Bigraded Betti numbers
Let k be a ground field and k[m] = k[v1, . . . , vm] — the ring of polynomials inm variables.
The ring k[m] is graded by deg vi = 2. The field k is given the k[m]-module structure by
the epimorphism k[m]→ k, vi 7→ 0.
Let K be a simplicial complex on m vertices. The Stanley–Reisner algebra k[K] is
defined as a quotient algebra k[m]/ISR, where the Stanley–Reisner ideal ISR is generated
by square-free monomials vα1 . . . vαk corresponding to nonsimplices {α1, . . . , αm} /∈ K. An
algebra k[K] is graded and it has a natural k[m]-module structure.
Let . . .→ R−i → R−i+1 → . . .→ R−1 → R0 → k[K] be a free resolution of the module
k[K] by graded k[m]-modules R−i. We have R−i =
⊕
j∈Z> R
−i,j . The Tor-module of a
complex K therefore has a natural double grading:
Tork[m](k[K],k) =
⊕
i,j∈Z>
Tor−i,2jk[m] (k[K],k).
The bigraded Betti numbers of a complex K are defined as the dimensions of the graded
components of the Tor-module:
β−i,2jk (K) = dimk Tor
−i,2j
k[m] (k[K],k).
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These numbers depend on a field k but we will omit k to simplify notation. The number
β−i(K) =
∑
j β
−i,2j(K) is the rank of a module R−i in a minimal resolution. Note that
β0,0(K) = 1 and β0,2j(K) = 0 for j 6= 0.
Numbers β−i,2j represent a lot of combinatorial, topological and algebraical information
about simplicial complex (see e.g. [8]).
By Hochster formula [20], [8, Th.3.2.8], bigraded Betti numbers can be expressed in
terms of ordinary Betti numbers of full subcomplexes in K:
(5.1) β−i,2j(K) =
∑
J⊆[m],|J|=j
dim H˜j−i−1(KJ ;k),
5.1. Bigraded Betti numbers of constellation complexes. The result of §3 can
be stated in terms of Betti numbers.
Proposition 5.1. Let X ⊂ Sr be as in statement 3.1. Then β−i,2j(∆(X)) = 0 for i > 0
and j 6= r + i+ 1. In other words, each module R−i of the minimal resolution for k[∆(X)]
is generated in degree r + i+ 1 for i > 0.
This directly follows from statement 3.1 and formula (5.1). Here is another equivalent
statement: the Stanley–Reisner ideal ISR(K) has a linear resolution as a graded module
over k[m]. It means that all maps in the minimal resolution (which are k[m]-linear maps)
are linear in variables vi (see [10] for the details).
Using claim 4.1 we can interpret statement 3.1 in terms of Alexander duality. Let K
be the boundary of a simplicial d-polytope P with m vertices, thus a simplicial (d − 1)-
sphere. Then linkK I is a simplicial (and even polytopal) (d − 1 − |I|)-sphere with m − |I|
vertices. By (2.1) (linkK I)
∧ should be a homological sphere of homological dimension
m−|I|− (d−|I|−1)−3 = m−d−2. On the other hand, by (2.2), (linkK I)∧ is the same as
K̂[m]\I . By claim 4.1, K̂ is the constellation complex for the nondegenerate configuration on
a sphere Sm−d−2. These considerations provide another explanation why full subcomplexes
of a nondegenerate constellation complex should be homology (m− d− 2)-spheres.
The proposition 5.1 can also be explained in terms of Eagon–Reiner theorem [10], which
states that K is Cohen–Macaulay if and only if Stanley–Reisner ideal of its dual K̂ has a
linear resolution. For a simplicial polytope P the boundary ∂P is a simplicial sphere, thus
a Cohen–Macaulay complex. Therefore ∆(G(P )) = (∂P )∧ has a linear resolution.
Moreover, there is a natural correspondence between simplices of K = ∂P and full
subcomplexes of K̂ homotopy equivalent to Sm−d−2. This correspondence sends I ∈ K
to the full subcomplex K̂[m]\I ' Sm−d−2. Thus, full subcomplexes, which are homotopy
equivalent to a sphere represent the face lattice of K.
Proposition 5.2. Let P be a simplicial d-polytope with m vertices, and X ⊂ Sm−d−2
— its Gale diagram. Then for i > 0 we have β−i(∆(X)) = β−i,m−d−1+i(∆(X)) = fd−i(P ),
where fd−i(P ) is the number of (d− i)-dimensional simplices of ∂P .
Proof. We prove more general statement. Let K be a simplicial (d− 1)-sphere. Then
β−i(K̂) = β−i,2(m−d−1+i)(K̂) = fd−i(K) — the number of (d − i)-dimensional simplices of
K. The proposition then follows by claim 4.1.
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For i 6= 0 we have:
(5.2) β−i,2j(K̂) =
∑
|J|=j
dim H˜j−i−1(K̂J) =
∑
|J|=j
dim H˜j−i−1((linkK([m] \ J))∧) =
=
∑
|J|=j
dim H˜m−(m−j)−(j−i−1)−3(linkK([m] \ J)) =
∑
|J|=j
dim H˜i−2(linkK([m] \ J)) =
=
∑
|J|=j
dim H˜i−2(Sd−1−m+j).
Thus β−i,2j(K̂) = 0 if i− 2 6= d− 1−m+ j, that is j 6= m− d+ i− 1. On the other hand,
β−i,m−d+i−1(K̂) equals the number of simplices inK withm−j = m−(m−d+i−1) = d−i+1
vertices. Each such simplex contributes 1 in the last sum of (5.2). 
To extend this result to general polytopes we use some basic facts from the theory
of nerve-complexes developed in [3]. Let P be a d-dimensional polytope with m vertices
(possibly not simplicial). Consider the numbers fn,l(P ) — the number of n-dimensional
proper faces of P with l vertices. In addition, set f−1,0(P ) = 1 — this corresponds to the
“empty face” of a polytope.
Obviously, in the case when P is simplicial we have fn,n+1(P ) = fn(P ) and fn,l(P ) = 0
if l 6= n+ 1. Generally, numbers fn,l provide much more detailed information on a polytope,
than the ordinary f -vector. In the work [3] numbers fn,l appear as the coefficients of the
so called 2-dimensional F -polynomial of a polytope (it was defined for the dual polytope, so
the definition in that work is slightly different).
Proposition 5.3. Let P be a d-polytope with m vertices, and X ⊂ Sm−d−2 unionsq {0} — its
Gale diagram. Then for i > 0 we have β−i,2j(∆(X)) = fd−i,m−j(P ).
Proof. The calculation from proposition 5.2 gives
(5.3) β−i,2j(K̂) =
∑
|J|=j
dim H˜i−2(linkK([m] \ J)).
In the case K = K(P ) it gives
(5.4) β−i,2j(∆(X)) =
∑
|J|=j
dim H˜i−2(linkK(P )([m] \ J)).
For each face F ⊂ P denote by σ(F ) ⊂ K(P ) the set of its vertices. In [3, Lemma 4.7]
we proved that linkK(P ) σ(F ) ' Sd−dimF−2 for any face F ⊂ P and for all other simplices
I ∈ K(P ) the complex linkK(P ) I is contractible. Therefore, each face F with dimF = n
and |σ(F )| = l contributes 1 to the sum in formula (5.4) iff l = m− j and i− 2 = d− 2− n.
Therefore, β−i,2j(∆(X)) = fd−i,m−j . 
Example 5.4. Bigraded Betti numbers of ∆(X5) (fig.3) and ∆(X6) (fig. 4) are depicted
on fig. 7. One can see, that bigraded Betti numbers for X5 are concentrated only in one
dimension for each i. This illustrates proposition 5.2, since X5 is nondegenerate. The
numbers in the left table represent the f -vector of a pentagon, since X5 is its Gale diagram.
The numbers from the right table represent fn,l for a triangular prism (fig.1), since X6
is its Gale diagram, as was discussed in example 4.2. Indeed, a triangular prism has 2
2-dimensional triangular faces, 3 2-dimensional quadratic faces, 9 edges, 6 vertices and 1
empty face.
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β      (Δ(X  ))5-i,2j β      (Δ(X  ))6-i,2j
Figure 7. Bigraded Betti numbers of complexes ∆(X5) and ∆(X6)
5.2. Bigraded Betti numbers of polytopes. We can use duality between subcom-
plexes and links in another direction. Bigraded Betti numbers of ∂P are described by
homology of links in ∆(X), where X is the Gale diagram of P .
Proposition 5.5. Let P be a simplicial polytope and X — its Gale diagram. Then for
i > 0 there holds
β−i,2j(K(P )) =
∑
J∈∆(X),|J|=m−j
dim H˜i−2(link∆(X) J).
The proof is similar to proposition 5.2. This calculation can be used to count bigraded
Betti numbers for polytopes with small m− d, where m is the number of vertices and d —
the dimension.
J
link J
J
link J
ghost vertices
Figure 8. Constellation complex for the regular 9-gon and the links of its simplices.
Example 5.6. Let P be a polytope withm−d = 3. Its Gale diagram is up to combinatorial
equivalence a set X ⊂ S1 of points placed in vertices of a regular (2k+ 1)-gon [19, Sect.6.3].
For simplicity assume that k > 2 and any vertex of X appears with multiplicity 1, so
m = 2k + 1. The case k = 2 is shown on fig.3 and k = 4 on fig.8. Any k + 1 consecutive
points of the configuration X ⊂ S1 lie in a common halfcircle, thus form a simplex of ∆(X).
The links of simplices I ∈ ∆(X) have nontrivial reduced homology only in the following
cases:
(1) I is the maximal simplex, that is a set of k+1 consecutive points ofX. link∆(X) I =
∅ up to ghost vertices and dim H˜−1(link∆(X) I) = 1.
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(2) I is the set of k consecutive points of X. In this case link∆(X) I = S0 up to ghost
vertices and dim H˜0(link∆(X) I) = 1.
(3) I = ∅, link∆(X) I = ∆(X) and dim H˜1(link∆(X) I) = 1.
One can simply prove that for other choices of I the complex link∆(X) I is contractible (see
fig. 8).
By proposition 5.5 for the corresponding simplicial polytope P we have the expres-
sions: β−1,2k(K(P )) = 2k + 1, β−2,2(k+1)(K(P )) = 2k + 1, β−3,2(2k+1)(K(P )) = 1 and
β−i,2j(K(P )) = 0 for all other i, j with i 6= 0.
The same computation can be made if nontrivial multiplicities are assigned to vertices
of the Gale diagram X ⊂ S1, but the answer is more sophisticated. The answer coincides
with the result of [12], where bigraded Betti numbers of simplicial spheres with few vertices
were calculated using different approach.
6. Buchstaber invariant
Definition 6.1. Let K be a simplicial complex on m vertices and D2, S1 be the unit
disk and unit circle in C. For any simplex I ∈ K define the subset (D2, S1)I ⊂ (D2)m,
(D2, S1)I = {(x1, . . . , xm) ∈ (D2)m, xi ∈ S1, if i /∈ I}. Then the moment-angle complex of
K is a topological space
ZK =
⋃
I∈K
(D2, S1)I ⊆ (D2)m.
A real moment-angle complex RZK is defined in the same manner by using D1 and S0
as building blocks instead of D2 and S1 respectively [7, 8].
There is a canonical coordinatewise action of a torus Tm = S1 × . . . × S1 on (D2)m,
which can be restricted to the action on a subset Tm y ZK . Similarly, we have an action
Zm2 yRZK . In both cases the action is not free for K 6= ∅.
Definition 6.2. Buchstaber invariant s(K) of the complex K is the maximal rank of
torus subgroups G ⊂ Tm which act freely on ZK . Real Buchstaber invariant sR(K) is the
maximal rank of subgroups G ⊂ Zm2 which act freely on RZK .
We briefly sketch here the main consideration, which allows to study Buchstaber invari-
ants. The action Tm y ZK have stabilizer subgroups of the form T I ⊆ Tm — the coordinate
subtori, corresponding to simplices I ∈ K. The subgroup G ⊆ Tm acts freely on ZK iff it
intersects stabilizers trivially.
By dimensional reasons, rkG 6 m−max rk(T I) = m− dimK − 1. Therefore, s(K) 6
m − dimK − 1. Similarly sR(K) 6 m − dimK − 1. If K 6= ∆[m], then s(K) > 1 and
sR(K) > 1, since diagonal subgroups act freely. By taking real part of a moment-angle
complex one can also prove that sR(K) > s(K). So, we have:
(6.1) 1 6 s(K) 6 sR(K) 6 m− dimK − 1.
Proposition 6.3. If one of the following conditions holds, then sR(K) = s(K):
(1) s(K) = m− dimK − 1 (follows from (6.1)),
(2) dimK = 0, 1 or 2 [1, 15]
(3) Either s(K) or sR(K) is equal to 1 or 2. [12].
6.1. Case of pyramids. Recall from §2, that KP = K(P ∗). Polytope P is simple
whenever P ∗ is simplicial.
Definition 6.4. For a (possibly nonsimple) polytope P define s(P ) = s(KP ) and
sR(P ) = sR(KP ).
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Suppose, P = pyrQ is a pyramid with (d − 1)-dimensional polytope Q in the base. In
this case P ∗ = pyrQ∗. So P is a pyramid whenever P ∗ is a pyramid.
Theorem 6.5. Let P be a polytope. Then s(P ) = 1 if and only if P is a pyramid.
Proof. Let dimP = d and P has m facets.
The “if” part is simple. If P is a pyramid with m facets, then P ∗ is a pyramid with
m vertices. All of these vertices except apex lie in a same facet — in the base. These
vertices by definition form a simplex I ∈ K(P ∗) = KP , such that |I| = m − 1. Therefore,
dimK(P ∗) = m− 2 and the desired relation s(P ) = 1 follows from (6.1).
Now the “only if” part. Suppose that P is not a pyramid. Then P ∗ is not a pyramid
and its Gale diagram G(P ∗) does not contain points at {0} by proposition 4.4. By claim
4.1 the complex K(P ∗)∧ is a constellation complex for the configuration G(P ∗) ⊂ Sm−d−2.
It does not have ghost vertices.
Let n ∈ Sm−d−2 be such a vector, that 〈n, xi〉 6= 0 for each point xi ∈ G(P ∗). Then every
point from G(P ∗) lies either in H(n) or H(−n) (the open hemispheres introduced in §2).
Let I+ and I− be the sets of points of Gale diagram sitting in H(n) and H(−n) respectively.
These sets are by definition the simplices of constellation complex I+, I− ∈ ∆(G(P ∗)), and
I+ unionsq I− = [m].
Since ∆(G(P ∗)) = K(P ∗)∧, we have I− = [m]\I+ /∈ K(P ∗) and I+ = [m]\I− /∈ K(P ∗)
by definition of Alexander dual complex. Also I+ ∩ I− = ∅. I+ and I− are nonsimplices
of K(P ∗) so they contain minimal nonsimplices J1 ⊆ I+ and J2 ⊆ I−, J1, J2 ∈ N(K(P ∗)),
which, obviously, satisfy J1 ∩ J2 = ∅.
Now we use recent result of N.Yu.Erokhovets [14] which is the following. Let K be
a simplicial complex. If K has three minimal nonsimplices or two minimal nonsimplices,
which do not intersect, then s(K) > 2. Applying this result to K(P ∗) finishes the proof. 
Remark 6.6. The similar theorem holds for real Buchstaber number by statement 6.3.
Remark 6.7. If we restrict to the class of simple polytopes, the theorem 6.5 is known
[12]: for simple polytope P the condition s(P ) = 1 is equivalent to P = 4m−1. Obviously,
a simplex is the only simple polytope, which is a pyramid.
6.2. General polytopes. In this section we apply the result of [14] and Gale duality
to general polytopes. This leads to interesting combinatorial consequences.
A set of vectors {a1, . . . , al} ⊂ Zk2 is called a minimal linear dependence if a1+. . .+al = 0,
but its proper subsets are linearly independent.
Proposition 6.8 ([14, Prop.9]). sR(K) > k if and only if there exist a mapping
ξ : Zk2 \ {0} → N(K) such that ξ(a1)∩ . . .∩ ξ(a2r+1) = ∅ for any minimal linear dependence
{a1, . . . , a2r+1} (with an odd number of elements).
Remark 6.9. Equivalently, there exist a mapping ξ from Zk2 \ {0} to the set of all non-
simplices (not necessary minimal), satisfying ξ(a1) ∩ . . . ∩ ξ(a2r+1) = ∅ for any minimal
linear dependence {a1, . . . , a2r+1}. Indeed, if there is such a map, we can choose a minimal
nonsimplex inside each ξ(a) and these subsets satisfy the same nonintersecting condition.
Corollary 6.10. For any simplicial complex K on [m] and an array (l1, . . . , lm) of
positive integers we have s(K(l1, . . . , lm)) = s(K).
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Proof. This follows from the description of minimal nonsimplices of iterated wedge
construction K(l1, . . . , lm) [5] and proposition 6.8. 
Proposition 6.11. Let P be a d-dimensional polytope with m facets. Then sR(P ) > k
if and only if there exist a map η : Zk2 \ {0} → Sm−d−2 such that G(P ∗) ⊂ H(η(a1)) ∪ . . . ∪
H(η(a2r+1)) for any odd minimal linear dependence {a1, . . . , a2r+1} in Zk2 .
Proof. Recall that sR(P ) = sR(K(P ∗)). By remark 6.9 sR(K(P ∗)) > k is equivalent to
the existence of a map ξ from Zk2 \{0} to nonsimplices ofK(P ∗) satisfying certain conditions.
The complement to any nonsimplex of K(P ∗) is a simplex of K(P ∗)∧, therefore we have a
map ξ′ : Zk2 \ {0} → K(P ∗)∧, ξ′(a) = [m] \ ξ(a). Map ξ′ satisfies the condition
(6.2) ξ′(a1) ∪ . . . ∪ ξ′(a2r+1) = [m]
for any minimal linear dependence {a1, . . . , a2r+1}.
For each binary vector a ∈ Zk2 \ {0} consider a simplex ξ′(a) ∈ K(P ∗)∧. By claim
4.1 K(P ∗)∧ = ∆(G(P ∗)), so the points of G(P ∗) with labels from ξ′(a) lie in an open
hemisphere. So, there exist a vector na ∈ Sm−d−2, such that the hemisphere H(na) contains
G(P ∗)(ξ′(a)). Set η(a) = na.
If {a1, . . . , a2r+1} is a minimal linear dependence, then every label i ∈ [m] lies in some
simplex ξ′(aq) by (6.2). Thus any point of G(P ∗) lies in H(η(aq)) for some q ∈ [2r + 1],
which was to be proved.
The proof goes the same in opposite direction. 
This gives an idea how to construct polytopes with sR(P ) > k.
Corollary 6.12. Consider an arbitrary map η : Zk2\{0} → Sl. Let X = {x1, . . . , xm} ⊂
Sl be a spherical configuration such that X ⊂ H(η(a1)) ∪ . . . ∪ H(η(a2r+1)) for any odd
minimal linear dependence {a1, . . . , a2r+1} in Zk2 . Suppose
⋃
H(xi) covers Sl at least twice,
so X = G(P ) for some (m−l−2)-dimensional polytope P with m vertices. Then sR(P ∗) > k.
This construction has an unexpected purely combinatorial consequence. Let us call the
coloring ρ : Zk2 \ {0} → C proper, if any odd minimal affine dependence A = {a1, . . . , a2r+1}
is not single-colored, that is |ρ(A)| 6= 1.
Theorem 6.13.
(1) There is no proper coloring of Zk2 \ {0} by k − 1 colors.
(2) There exist a proper coloring of Zk2 \ {0} by k colors.
Proof. (1) The statement, obviously, holds for k = 1, 2, so in the following let k > 3.
Suppose the contrary. Let ρ : Zk2 \{0} → [k−1] be a proper coloring. Consider a set of points
{y1, . . . , yk−1} ⊂ Sk−3 ⊂ Rk−2, representing the vertices of a regular simplex, inscribed in
Sk−3. We have
∑
yi = 0, and 〈yi, yj〉 = − 1k−2 < 0 for i 6= j. Take antipodal points xi = −yi
for i ∈ [k − 1]. Then
(1) H(yi) ⊂ Sk−3 contains all xj for j 6= i.
(2) 0 ∈ relint conv{x1, . . . , xk−1}.
Consider a map η : Zk2 \ {0} → Sk−3, defined by η(a) = yρ(a). This map associates to
binary vector a ∈ Zk2 \ {0} one of the points yi on a sphere according to the coloring. Since
ρ is a proper coloring, for any minimal affine dependence A = {a1, . . . , a2r+1} the set η(A)
contains at least two points yi and yj , i 6= j. By (1), the union of hemispheres H(yi)∪H(yj)
covers the set {x1, . . . , xk−1}.
Now take each point x1, . . . , xk−1 with multiplicity at least 2 to get a configuration X
of m points on Sk−3. Configuration X is good and nondegenerate according to (2) (recall,
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that good means that corresponding hemispheres cover Sk−3 at least twice). Therefore, by
claim 4.1 there exist a simple polytope P of dimension m − (k − 3) − 2 = m − k + 1 with
m facets, such that G(P ∗) = X. Then, by corollary 6.12 sR(P ) > k. On the other hand,
by estimation (6.1) we have sR(P ) 6 m − dimP = m − (m − k + 1) = k − 1. This gives a
contradiction.
(2) Let {e1, . . . , ek} be the basis of a space Rk. Consider the crosspolytope
P = conv{±e1, . . . ,±ek}. It is simplicial and has m = 2k vertices, so its Gale diagram
G(P ) lies on a sphere Sk−2. One can show, that G(P ) = {x1, x1, x2, x2, . . . , xk, xk} — the
vertices of a regular simplex, inscribed in Sk−2, each taken two times.
The dual polytope P ∗ is a cube. One can easily derive from [12, Th. item 4] (or
from the fact that P ∗ is Delzant) that sR(P ∗) = m − dimP = k. Then by statement 6.11
there exist a map from η : Zk2 \ {0} → Sk−2, such that H(η(a1))∪ . . .∪H(η(a2r+1)) contain
G(P ) ⊂ Sr−2 for each odd minimal linear dependence {a1, . . . , a2r+1}. To each a ∈ Zk2 \ {0}
assign a color ρ(a) = j ∈ [k] if H(η(a)) does not contain xj . Then to each a at least
one color is assigned, since x1, . . . , xk do not lie in a common hemisphere. If several colors
are assigned to binary vector a, choose any of them. We claim that coloring ρ : Zk2 → [k]
obtained by this procedure is proper. Suppose the contrary: ρ(A) = {j} for some minimal
affine dependence A = {a1, . . . , a2r+1}. In this case all hemispheres H(η(ai)) do not contain
xj which contradicts the construction. 
Recall, that Fano plane is a finite projective geometry PZ32. Its points are nonzero binary
vectors in Z32 and lines are triples {a1, a2, a1 + a2}, a1 6= a2 that is exactly minimal linear
dependencies.
Corollary 6.14. For any coloring of Fano plane by two colors there exist a line of
single color.
Remark 6.15. We would like to mention that the technic used to prove theorem 6.13
looks very similar to the proof of Kneser conjecture, found by Ba´ra´ny [6]. Though a direct
connection of these subjects is not clarified yet.
Here is another unexpected fact, derived from the theory of Buchstaber invariant.
Proposition 6.16. For any map η : PZ32 → S1 there exist a Fano line {a, b, c} ⊂ PZ32
such that 0 /∈ conv{η(a), η(b), η(c)}.
η(a)
η(b) η(c)
|D|=2 |D|=1 |D|=0
η(a)
η(b) η(c)
η(a)
η(b) η(c)
Figure 9. Possible cases for 0 ∈ conv{η(a), η(b), η(c)}
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Proof. Suppose the contrary. Then, for each Fano line l = {a, b, c} holds either 0 ∈
conv{η(a), η(b)} (or the same for other pair of points); or 0 ∈ relint conv{η(a), η(b), η(c)}.
In both cases H(η(a)) ∪H(η(b)) ∪H(η(c)) = S1 \Dl, where Dl is a finite set (see fig. 9),
|Dl| 6 2. Now, let X be an arbitrary good nondegenerate configuration of points on a circle
S1. Then X = G(P ∗) for a simple polytope P . By slightly rotating X we can assume that
X does not intersect the finite set
⋃
lDl. Then X is covered by H(η(a))∪H(η(b))∪H(η(c))
for any Fano line {a, b, c}. Then, by corollary 6.12 sR(P ) > 3. This consideration shows
that sR(P ) > 3 for any simple polytope P with m facets of dimension m − 3. This would
contradict the following result of [11, 12]: for each k > 2 there exist a simple polytope P
with m facets, such that m− dimP = k and sR(P ) = 2. 
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